> let us start with preconditioning:
 crucial quantity for cg‘s convergence: condition number
» PDE: condition of system matrix increases dramatically with n
+ therefore: look for a modified matrix with better condition
Ax=b « M7'Ax=M"b = W'AW'y=W™b, where
M spd, WW' =M, y=W'x, M andW AW ™" similar
(no need to construct M or W explicitly, must be applied only)
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* SSOR preconditioner: M¥? =g™D, +L,; M® =a™D,+U,;
a 1
M = M /2) D lM (@]
a _2( ) A

» incomplete factorization, €.9. ILU: compute approximate
factors L and U instead of exact ones in direct methods
» sparse approximate inverse: look for some cheap B with
ming|l - AB[", M*=B
» multilevel preconditioners: following the multigrid principle
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reduced quite quickly.

- The /ow frequency part (w.r.t. the grid) decreases only very
slowly; actually the slower, the finer the grid is.

» This behaviour is annoying

- the low frequencies are not expected to make troubles, but we
can hardly get rid of them on a fine grid;

but also encouraging

- the low frequencies can be represented and, hopefully tackled,
on a coarser grid — there is no need for the fine resolution.
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» After 100 (!) steps, there is still a maximum error bigger
than 0.1 due to low-frequency components!
» therefore the name smoothers for relaxation schemes:

» They reduce the strongly oscillating parts of the error quite
efficiently.

* They, thus, produce a smooth error which is very resistent.
» the idea: work on grids of different resolution
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smooth the current solution X;;
formtheresidua r, =b - AX;
restrict r, to the coarsegrid Q,_;;
provideasolutionto A_g_, =r,_;;
prolongateg_, to thefinegrid Q,;
add theresulting correction to x;;
if necessary, smooth again;
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» the coarse grid correction: provide an (approximate) solution
on the coarse grid (direct, if coarse enough; some smoothing
steps otherwise)

+ the prolongation: transfer from coarse grid to fine grid
- usually some /nterpolation method

+ the post-smoothing: sometimes reasonable to avoid new
high-frequency error components

» recursive application leads to multigrid methods
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| -1
solve A_,g_, =T, by coarsegrid correction;
prolongatee , to thefinegrid Q,;
add theresulting correction to x;;
if necessary, smooth again;

» on the finest grid: direct solution

» number of smoothing steps: typically small (1 or 2)
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finest grid is reached; now start V-cycle

+ full multigrid: replace "smooth” steps above by “apply a V-
cycle’; combination of improved start solution and multigrid
solver

» multigrid idea is not limited to rectangular or structured
grids: we just need a hierarchy of nested grids (works
for triangles or tetrahedra, too)

» also without underlying geometry: algebraic multigrid
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> Benefit (speed of convergence):
» always significant acceleration compared with pure use of
smoother (relaxation method)

« in most cases even ideal behaviour Y =O(1—const.)

» effect:
- constant number of multigrid steps to obtain a given number of

digits

- overall computational work increases only linearly with n
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